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Abstract
A p-subgroup H of a finite group G is said to satisfy partial S-Π-property in G if
G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that for every G-chief
factor Gi/Gi−1 (1 6 i 6 n) of ΓG, either (H ∩ Gi)Gi−1/Gi−1 is a Sylow p-subgroup of
Gi/Gi−1 or |G/Gi−1 : NG/Gi−1((H ∩ Gi)Gi−1/Gi−1)| is a p-number. In this paper, we
mainly investigate the structure of finite groups with some primary subgroups satisfying
partial S-Π-property.
1 Introduction
Throughout this paper, all groups considered are finite. G always denotes a group, p
denotes a prime, and |G|p denotes the order of Sylow p-subgroups of G. Also, we use U and
N to denote the classes of all supersoluble groups and nilpotent groups, respectively.
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Recall that a subgroup H of G has the cover-avoidance property in G orH is called a CAP -
subgroup of G if either H covers L/K (i.e. L ≤ HK) or H avoids L/K (i.e. H ∩ L ≤ K) for
each G-chief factor L/K. Also, a subgroup H of G is said to be S-quasinormally embedded [5]
in G if each Sylow subgroup of H is also a Sylow subgroup of some S-quasinormal subgroup
of G. The CAP -subgroups and S-quasinormally embedded subgroups play an important role
in the study of the structure of finite groups, and have been investigated by many authors.
As a generalization of CAP -subgroup and S-quasinormally embedded subgroup, W. Guo, A.
N. Skiba and N. Yang introduced the concept of generalized CAP -subgroup [14]: a subgroup
H of G is said to be a generalized CAP -subgroup of G if for each G-chief factor L/K, either
H avoids L/K or the following hold: (1) If L/K is non-abelian, then |L : (H ∩ L)K| is a
p′-number for every p ∈ pi((H∩L)K/K); (2) If L/K is a p-group, then |G : NG((H∩L)K)| is a
p-number. The authors in [14] showed that every CAP -subgroup and every S-quasinormally
embedded subgroup of G are both a generalized CAP -subgroup of G, and the converse is
not true. In connection with this, A. N. Skiba proposed the following question in Seminar of
USTC, 2014:
Question 1.1. (see also [12, Chap. 1, Problem 6.14]). To study the structure of finite
groups when the condition of every chief factor in the generalized CAP -subgroup is replaced
by every chief factor in some chief series.
The main objective of the paper is to give an answer to Question 1.1. For this purpose,
we now introduce the following concept:
Definition 1.2. A p-subgroup H of G is said to satisfy partial S-Π-property in G if G has
a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that for every G-chief factor
Gi/Gi−1 (1 6 i 6 n) of ΓG, either (H ∩ Gi)Gi−1/Gi−1 is a Sylow p-subgroup of Gi/Gi−1 or
|G/Gi−1 : NG/Gi−1((H ∩Gi)Gi−1/Gi−1)| is a p-number.
It is clear that a p-subgroup H of G satisfy partial S-Π-property in G if H is a generalized
CAP -subgroup of G. But the next example illustrates that the converse is not true.
Example 1.3. Let L1 = 〈a, b | a
5 = b5 = 1, ab = ba〉 and L2 = 〈a
′, b′〉 be a copy of L1. Let α be
an automorphism of L1 of order 3 satisfying that a
α = b, bα = a−1b−1. Put G = (L1×L2)⋊〈α〉
and H = 〈a〉 × 〈a′〉. Then G has a minimal normal subgroup N such that H ∩N = 1. Note
that ΓG : 1 < N < HN < G is a chief series of G. Then H satisfies partial S-Π-property in
G. But since |G : NG(H ∩L1)| = |G : NG(〈a〉)| = 3, H is not a generalized CAP -subgroup of
G.
Note also that, X. Chen and W. Guo in [6] introduced the concept of partial Π-property:
a subgroup H of G satisfies partial Π-property in G if there exists a chief series ΓG : 1 =
2
G0 < G1 < · · · < Gn = G of G such that for every G-chief factor Gi/Gi−1 (1 6 i 6 n) of
ΓG, |G/Gi−1 : NG/Gi−1((H ∩ Gi)Gi−1/Gi−1)| is a pi((H ∩ Gi)Gi−1/Gi−1)-number. It is easy
to see that if a p-subgroup H of G satisfies partial Π-property in G, then H satisfies partial
S-Π-property in G. However, the converse does not hold in general.
Example 1.4. Let G = A5 and H be a Sylow 5-subgroup of A5, where A5 is an alternative
group of degree 5. Then it is easy to see that H satisfies partial S-Π-property in G. However,
since |G : NG(H)| is not a 5-number, we have that H does not satisfy partial Π-property in
G.
Let F be a formation. The F-residual of G, denoted by GF, is the smallest normal
subgroup of G with quotient in F. A G-chief factor L/K is said to be F-central in G if
L/K ⋊ G/CG(L/K) ∈ F. A normal subgroup N of G is called F-hypercentral in G if either
N = 1 or every G-chief factor below N is F-central in G. Let ZF(G) denote the F-hypercentre
of G, that is, the product of all F-hypercentral normal subgroups of G. Moreover, the gen-
eralized Fitting subgroup F ∗(G) (resp. the generalized p-Fitting subgroup F ∗p (G)) of G is
quasinilpotent radical (resp. p-quasinilpotent radical) of G (for details, see [18, Chap. X]
and [4]). We denote the Fitting subgroup and the p-Fitting subgroup of G by F (G) and
Fp(G), respectively.
In this paper, we arrive at the following main results.
Theorem 1.5. Let E and X be normal subgroups of G such that F ∗(E) ≤ X ≤ E. Suppose
that for any non-cyclic Sylow subgroup P of X, every maximal subgroup of P satisfies partial
S-Π-property in G, or every cyclic subgroup of P of prime order or order 4 (when P is a
non-abelian 2-group) satisfies partial S-Π-property in G. Then E ≤ ZU(G).
Theorem 1.6. Let E and X be p-soluble normal subgroups of G such that Fp(E) ≤ X ≤ E.
Suppose that X has a Sylow p-subgroup P such that every maximal subgroup of P satisfies
partial S-Π-property in G, or every cyclic subgroup of P of prime order or order 4 (when P is
a non-abelian 2-group) satisfies partial S-Π-property in G. Then E/Op′(E) ≤ ZU(G/Op′(E)).
All unexplained notation and terminology are standard, as in [3, 8, 11].
2 Preliminaries
Firstly, we present some basic properties of partial S-Π-property as follows.
Lemma 2.1. Suppose that a p-subgroup H of G satisfies partial S-Π-property in G and NEG.
(1) If H ≤ N , then H satisfies partial S-Π-property in N .
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(2) If either N ≤ H or (p, |N |) = 1, then HN/N satisfies partial S-Π-property in G/N .
(3) If every maximal subgroup of a Sylow p-subgroup P of G satisfies partial S-Π-property
in G, then every maximal subgroup of PN/N also satisfies partial S-Π-property in G/N .
Proof. By the hypothesis, we may assume that G has a chief series ΓG : 1 = G0 < G1 < · · · <
Gn = G such that for every G-chief factor Gi/Gi−1 (1 6 i 6 n) of ΓG, either (H∩Gi)Gi−1/Gi−1
is a Sylow p-subgroup of Gi/Gi−1 or |G/Gi−1 : NG/Gi−1((H ∩Gi)Gi−1/Gi−1)| is a p-number.
(1) Obviously, ΓN : 1 = G0 ∩ N ≤ G1 ∩ N ≤ · · · ≤ Gn ∩ N = N is a normal series of
N . Let L/K be an N -chief factor such that Gi−1 ∩ N ≤ K ≤ L ≤ Gi ∩ N (1 6 i 6 n).
If (H ∩Gi)Gi−1/Gi−1 is a Sylow p-subgroup of Gi/Gi−1, then (H ∩Gi)Gi−1/Gi−1 is a Sylow
p-subgroup of (Gi ∩N)Gi−1/Gi−1. We can deduce that (H ∩ Gi)(Gi−1 ∩ N)/(Gi−1 ∩ N) is a
Sylow p-subgroup of (Gi∩N)/(Gi−1∩N). Hence (H ∩L)K/K is a Sylow p-subgroup of L/K.
Now assume that |G : NG((H ∩Gi)Gi−1)| is a p-number. Then |N : NN((H ∩Gi)(Gi−1 ∩N))|
is a p-number because NG((H ∩ Gi)Gi−1) ≤ NG((H ∩ Gi)Gi−1 ∩ N). It is easy to see that
NN((H ∩Gi)(Gi−1∩N)) ≤ NN ((H ∩L)K), and so |N : NN ((H ∩L)K)| is a p-number. Hence
H satisfies partial S-Π-property in N .
(2) Note that if either N ≤ H or (p, |N |) = 1, then HN ∩ XN = (H ∩ X)N for every
normal subgroup X of G. Now consider the normal series ΓG/N : 1 = G0N/N ≤ G1N/N ≤
· · · ≤ GnN/N = G/N of G/N . For every normal section GiN/Gi−1N , we have that (HN ∩
GiN)Gi−1N = HGi−1N ∩ GiN = (H ∩ Gi)Gi−1N . If (H ∩ Gi)Gi−1/Gi−1 is a Sylow p-
subgroup of Gi/Gi−1, then (HN ∩ GiN)Gi−1N/Gi−1N = (H ∩ Gi)Gi−1N/Gi−1N is a Sylow
p-subgroup of GiN/Gi−1N . Now assume that |G : NG((H ∩ Gi)Gi−1)| is a p-number. Then
|G : NG((HN ∩GiN)Gi−1N)| = |G : NG((H ∩Gi)Gi−1N)| is a p-number. Therefore, HN/N
satisfies partial S-Π-property in G/N .
(3) Let T/N be any maximal subgroup of PN/N . Then there exists a maximal subgroup P1
of P such that T = P1N and P1∩N = P ∩N . It is easy to derive that P1N∩XN = (P1∩X)N
for any normal subgroup X of G. With a similar argument as (2), we have that T/N satisfies
partial S-Π-property in G/N .
Let P be a p-group. If P is not a non-abelian 2-group, then we use Ω(P ) to denote the
subgroup Ω1(P ). Otherwise, Ω(P ) = Ω2(P ).
Lemma 2.2. [7, Lemma 2.12] Let P be a normal p-subgroup of G and C a Thompson critical
subgroup of P (see [10, p. 186]). If P/Φ(P ) ≤ ZU(G/Φ(P )) or C ≤ ZU(G) or Ω(P ) ≤ ZU(G),
then P ≤ ZU(G).
The next lemma is evident.
4
Lemma 2.3. Let p be a prime divisor of |G| with (|G|, p− 1) = 1 and N a normal subgroup
of G such that |N |p ≤ p. If G/N is p-nilpotent, then G is p-nilpotent.
Lemma 2.4. [7, Lemma 2.11] Let P be a p-group of nilpotent class at most 2. Suppose that
the exponent of P/Z(P ) divides p.
(1) If p > 2, then the exponent of Ω(P ) is p.
(2) If P is a non-abelian 2-group, then the exponent of Ω(P ) is 4.
Lemma 2.5. [26, Theorem B] Let F be any formation and E a normal subgroup of G. If
F ∗(E) ≤ ZF(G), then E ≤ ZF(G).
Lemma 2.6. [2, Theorem 2.1.6] Let G be a p-supersoluble group. Then the derived subgroup
G′ of G is p-nilpotent. In particular, if Op′(G) = 1, then G has a unique Sylow p-subgroup.
3 Proof of Main Results
The following propositions are the main steps of the proof of Theorems 1.5 and 1.6.
Proposition 3.1. Let P be a normal p-subgroup of G. If every maximal subgroup of P
satisfies partial S-Π-property in G, then P ≤ ZU(G).
Proof. Suppose that this proposition is false, and let (G,P ) be a counterexample for which
|G|+ |P | is minimal. Then:
(1) There is a unique minimal normal subgroup N of G contained in P , P/N ≤ ZU(G/N)
and |N | > p.
Let N be any minimal normal subgroup of G contained in P . Then clearly, (G/N, P/N)
satisfies the hypothesis by Lemma 2.1(2), and so the choice of (G,P ) yields that P/N ≤
ZU(G/N). If |N | = p, then P ≤ ZU(G), which is impossible. Hence |N | > p. Now suppose
that G has a minimal normal subgroup R contained in P such that N 6= R. With a similar
discussion as above, we obtain that P/R ≤ ZU(G/R). It follows that NR/R ≤ ZU(G/R), and
so |N | = p, a contradiction.
(2) Φ(P ) = 1, and so P is elementary abelian.
If Φ(P ) 6= 1, then by (1), N ≤ Φ(P ). This induces that P/Φ(P ) ≤ ZU(G/Φ(P )) because
P/N ≤ ZU(G/N), and so P ≤ ZU(G) by Lemma 2.2. This contradiction shows that Φ(P ) = 1,
and so P is elementary abelian.
(3) The final contradiction.
Let N1 be a maximal subgroup of N such that N1 is normal in some Sylow p-subgroup of
G, say Gp. Then P1 = N1S is a maximal subgroup of P , where S is a complement of N in P .
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By the hypothesis, G has a chief series ΓG : 1 = G0 < G1 < · · · < Gn = G such that for every
G-chief factor Gi/Gi−1 (1 6 i 6 n) of ΓG, either (P1 ∩ Gi)Gi−1/Gi−1 is a Sylow p-subgroup
of Gi/Gi−1 or |G/Gi−1 : NG/Gi−1((P1 ∩Gi)Gi−1/Gi−1)| is a p-number. Obviously, there exists
an integer k (1 6 k 6 n) such that Gk = Gk−1 ×N . It follows from (1) that P ∩Gk−1 = 1. If
(P1 ∩Gk)Gk−1/Gk−1 is a Sylow p-subgroup of Gk/Gk−1, then Gk = (P1 ∩ Gk)Gk−1, and thus
N ≤ Gk ≤ P1Gk−1. This implies that N ≤ P1Gk−1 ∩ P ≤ P1, a contradiction. Now assume
that |G : NG((P1 ∩ Gk)Gk−1)| is a p-number. Then |G : NG(P1Gk−1 ∩ N))| is a p-number.
Since N1 ≤ P1Gk−1∩N < N , we have that N1 = P1Gk−1∩N . Hence N1EG because N1EGp,
and so N1 = 1, which is also a contradiction. The proof is thus completed.
Proposition 3.2. Let E be a normal subgroup of G and p a prime divisor of |E| with (|E|, p−
1) = 1. Suppose that E has a Sylow p-subgroup P such that every maximal subgroup of P
satisfies partial S-Π-property in G. Then E is p-nilpotent.
Proof. Suppose that this proposition is false, and let (G,E) be a counterexample for which
|G|+ |E| is minimal. Now we proceed the proof via the following steps.
(1) Op′(E) = 1.
If Op′(E) 6= 1, then by Lemma 2.1(2), (G/Op′(E), E/Op′(E)) satisfies the hypothesis. The
choice of (G,E) yields that E/Op′(E) is p-nilpotent, and so E is p-nilpotent, a contradiction.
Hence Op′(E) = 1.
(2) E = G.
Assume that E < G. Then by Lemma 2.1(1), the hypothesis holds for (E,E). By the
choice of the (G,E), E is p-nilpotent. This contradiction shows that E = G.
(3) G has a unique minimal normal subgroup N , G/N is p-nilpotent and Φ(G) = 1.
Let N be any minimal normal subgroup of G. Then by Lemma 2.1(3), the hypothesis still
holds for (G/N,G/N). The choice of (G,E) yields that G/N is p-nilpotent. Hence N is the
unique minimal normal subgroup of G, and it is easy to see that Φ(G) = 1.
(4) The final contradiction.
If P ∩ N ≤ Φ(P ), then by [17, Chap. IV, Satz 4.7], N is p-nilpotent. Hence by (1), N
is a p-group, and so N ≤ Φ(G) = 1, which is impossible. Thus P ∩ N  Φ(P ). Then P
has a maximal subgroup P1 such that P = P1(P ∩ N). By the hypothesis and (3), G has
a chief series ΓG : 1 = G0 < G1 = N < · · · < Gn = G such that for every G-chief factor
Gi/Gi−1 (1 6 i 6 n) of ΓG, either (P1 ∩ Gi)Gi−1/Gi−1 is a Sylow p-subgroup of Gi/Gi−1 or
|G/Gi−1 : NG/Gi−1((P1 ∩ Gi)Gi−1/Gi−1)| is a p-number. Evidently, P1 ∩ N is not a Sylow
p-subgroup of N . Therefore, |G : NG(P1∩N)| is a p-number. Since P ≤ NG(P1∩N), we have
that P1 ∩N EG. It follow that P1 ∩N = 1, and thereby |N |p = p. Then by (3) and Lemma
2.3, G is p-nilpotent, a contradiction. This completes the proof.
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Proposition 3.3. Let P be a normal p-subgroup of G. If every cyclic subgroup of P of prime
order or order 4 (when P is a non-abelian 2-group) satisfies partial S-Π-property in G, then
P ≤ ZU(G).
Proof. Suppose that this proposition is false, and let (G,P ) be a counterexample for which
|G|+ |P | is minimal. Then:
(1) G has a unique normal subgroup N such that P/N is a G-chief factor, N ≤ ZU(G)
and |P/N | > p.
Let P/N be a G-chief factor. Then (G,N) satisfies the hypothesis, and the choice of (G,P )
implies that N ≤ ZU(G). If |P/N | = p, then P/N ≤ ZU(G/N), and so P ≤ ZU(G), which is
impossible. Thus |P/N | > p. Now assume that P/R is a G-chief factor with N 6= R. With a
similar argument as above, we have that R ≤ ZU(G). This yields that P = NR ≤ ZU(G), a
contradiction occurs. Therefore, N is the unique normal subgroup of G such that P/N is a
G-chief factor.
(2) The exponent of P is p or 4 (when P is a non-abelian 2-group).
Let D be a Thompson critical subgroup of P . Then the nilpotent class of D is at most
2 and D/Z(D) is elementary abelian by [10, Chap. 5, Theorem 3.11]. If Ω(D) < P , then
Ω(D) ≤ N ≤ ZU(G) by (1). It follows from Lemma 2.2 that P ≤ ZU(G), against supposition.
Thus P = D = Ω(D). Then by Lemma 2.4, the exponent of P is p or 4 (when P is a
non-abelian 2-group).
(3) The final contradiction.
Let Gp be a Sylow p-subgroup of G. Since P/N ∩ Z(Gp/N) > 1, there exists a subgroup
T/N of P/N ∩ Z(Gp/N) of order p. Let x ∈ T\N and H = 〈x〉. Then T = HN and |H| = p
or 4 (when P is a non-abelian 2-group) by (2). By the hypothesis, G has a chief series ΓG : 1 =
G0 < G1 < · · · < Gn = G such that for every G-chief factor Gi/Gi−1 (1 6 i 6 n) of ΓG, either
(H∩Gi)Gi−1/Gi−1 is a Sylow p-subgroup ofGi/Gi−1 or |G/Gi−1 : NG/Gi−1((H∩Gi)Gi−1/Gi−1)|
is a p-number. Clearly, there exists an integer k (1 6 k 6 n) such that P ≤ Gk and P  Gk−1.
Since N is the unique normal subgroup of G such that P/N is a G-chief factor by (1), we have
that P ∩Gk−1 ≤ N . If Gk = NGk−1, then P = N(P ∩Gk−1) = N . This contradiction forces
that N ≤ Gk−1, and so P ∩Gk−1 = N .
Firstly suppose that HGk−1/Gk−1 is a Sylow p-subgroup of Gk/Gk−1. Then P ≤ HGk−1.
This implies that P = H(P ∩Gk−1) = HN = T , and so |P/N | = |T/N | = p, which contradicts
(1). Now assume that |G : NG(HGk−1)| is a p-number, and so |G : NG(T )| is a p-number.
Since Gp ≤ NG(T ), we have that T E G. It follows from (1) that P = T because H 6= N , a
contradiction also occurs. This ends the proof.
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Proposition 3.4. Let E be a normal subgroup of G and p a prime divisor of |E| with (|E|, p−
1) = 1. Suppose that E has a Sylow p-subgroup P such that every cyclic subgroup of P of
order p or 4 (when P is a non-abelian 2-group) satisfies partial S-Π-property in G. Then E
is p-nilpotent.
Proof. Suppose that this proposition is false, and let (G,E) be a counterexample for which
|G|+ |E| is minimal. Now we proceed the proof via the following steps.
(1) Op′(G) = 1 and E = G.
With a similar argument as in steps (1) and (2) of the proof of Proposition 3.2, we have
that Op′(G) = 1 and E = G.
(2) Z(G) is the unique normal subgroup of G such that G/Z(G) is a G-chief factor, Z(G) =
Z∞(G) = Op(G) and G
N = G.
Let G/K be a G-chief factor. Then by Lemma 2.1(1), (K,K) satisfies the hypothesis. The
choice of (G,E) yields that K is p-nilpotent, and so K ≤ Fp(G). Since G is not p-nilpotent,
K = Fp(G). This shows that Fp(G) is the unique normal subgroup of G such that G/Fp(G) is
a G-chief factor. By (1) and Proposition 3.3, Fp(G) = Op(G) ≤ ZU(G). As (|G|, p−1) = 1, we
have that Op(G) ≤ Z∞(G), and thereby Z∞(G) = Op(G) because Z∞(G) ≤ Fp(G) = Op(G).
If GN < G, then GN ≤ Z∞(G). This implies that G is p-nilpotent, a contradiction. Thus
GN = G. Then by [8, Chap. IV, Theorem 6.10], Z∞(G) ≤ Z(G), and so Z∞(G) = Z(G).
(3) P is non-abelian.
If P is abelian, then by (1) and [17, Chap. VI, Satz 14.3], G′ ∩Z(G) = Op′(G) = 1. Since
G′ = G by (2), we have that Z(G) = 1, and so G is a simple group. Let x be an element of G
of order p. Then by the hypothesis, either 〈x〉 is a Sylow p-subgroup of G or |G : NG(〈x〉)| is
a p-number. In the former case, G is p-nilpotent by Lemma 2.3, a contradiction. In the latter
case, 〈x〉 ≤ Op(G) = 1 by (2), also a contradiction. Thus P is non-abelian.
(4) The final contradiction.
Suppose that all cyclic subgroups of P of order p and 4 are contained in Z(G), then
G is p-nilpotent by [17, Chap. IV, Satz 5.5]. Hence G has an element x of order p or 4
such that x /∈ Z(G). Then by (2), (3) and the hypothesis, G has a chief series ΓG : 1 =
G0 < G1 < · · · < Gn−1 = Z(G) < Gn = G such that for every G-chief factor Gi/Gi−1
(1 6 i 6 n) of ΓG, either (〈x〉 ∩Gi)Gi−1/Gi−1 is a Sylow p-subgroup of Gi/Gi−1 or |G/Gi−1 :
NG/Gi−1((〈x〉 ∩ Gi)Gi−1/Gi−1)| is a p-number. If 〈x〉Z(G)/Z(G) is a Sylow p-subgroup of
G/Z(G), then P = 〈x〉Z(G), and so P is abelian, which contradicts (3). Now assume that
|G : NG(〈x〉Z(G))| is a p-number. Then 〈x〉Z(G) ≤ Op(G) = Z(G) by (2). This contradiction
completes the proof.
Now we are ready to prove Theorem 1.5.
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Proof of Theorem 1.5. Let p be the smallest prime divisor of |X| and Xp a Sylow p-
subgroup ofX . IfXp is cyclic, then X is p-nilpotent by [24, 10.1.9]. Now assume thatXp is not
cyclic. Then by Lemma 2.1(1), Propositions 3.2 and 3.4, X is also p-nilpotent. Let Xp′ be the
normal p-complement of X . Then Xp′ EG. If Xp is cyclic, then clearly, X/Xp′ ≤ ZU(G/Xp′).
Now assume that Xp is not cyclic. Then it is easy to see that (G/Xp′, X/Xp′) satisfies the
hypothesis of Proposition 3.1 or Proposition 3.3 by Lemma 2.1(2). Hence we also have that
X/Xp′ ≤ ZU(G/Xp′).
Let q be the second smallest prime divisor of |X|. By arguing similarly as above, we
obtain that Xp′ is q-nilpotent and Xp′/X{p,q}′ ≤ ZU(G/X{p,q}′), where X{p,q}′ is the normal
q-complement of Xp′. The rest can be deduced by analogy. Hence we can obtain that X ≤
ZU(G). Then by Lemma 2.5, E ≤ ZU(G). The theorem is thus proved.
In order to prove Theorem 1.6, we need the following proposition.
Proposition 3.5. Let E be a p-soluble normal subgroup of G. Suppose that E has a Sylow
p-subgroup P such that every maximal subgroup of P satisfies partial S-Π-property in G, or
every cyclic subgroup of P of prime order or order 4 (when P is a non-abelian 2-group) satisfies
partial S-Π-property in G. Then E/Op′(E) ≤ ZU(G/Op′(E)).
Proof. Suppose that this proposition is false, and let (G,E) be a counterexample for which
|G| + |E| is minimal. With a similar discussion as in step (1) of the proof of Proposition
3.2, we have that Op′(E) = 1. If E is p-supersoluble, then E
′ ≤ F (E) = P by Lemma 2.6.
Hence E is soluble, and so F ∗(E) = F (E) = P by [18, Chap. X, Corollary 13.7(d)]. Note
that by Propositions 3.1 and 3.3, we have that P ≤ ZU(G). It follows from Lemma 2.5 that
E ≤ ZU(G), which is impossible. Thus E is not p-supersoluble. If E < G, then since (E,E)
satisfies the hypothesis by Lemma 2.1(1), E is p-supersoluble by the choice of (G,E). This
contradiction implies that E = G and G is not p-supersoluble.
Firstly suppose that every maximal subgroup of P satisfies partial S-Π-property in G. Let
N be a minimal normal subgroup of G. Since G is p-soluble and Op′(G) = 1, we see that
N ≤ Op(G). By Lemma 2.1(2), the hypothesis holds for (G/N,G/N), and so the choice of
(G,E) implies that G/N is p-supersoluble. Then it is easy to see that N is the unique minimal
normal subgroup of G and N  Φ(G). Hence P has a maximal subgroup P1 such that P =
P1N . Then by the hypothesis, G has a chief series ΓG : 1 = G0 < G1 = N < · · · < Gn = G
such that for every G-chief factor Gi/Gi−1 (1 6 i 6 n) of ΓG, either (P1 ∩Gi)Gi−1/Gi−1 is a
Sylow p-subgroup of Gi/Gi−1 or |G/Gi−1 : NG/Gi−1((P1∩Gi)Gi−1/Gi−1)| is a p-number. Since
N  P1, we have that |G : NG(P1 ∩ N)| is a p-number. Hence P1 ∩ N E G. It follows that
P1 ∩N = 1, and so |N | = p. Thus G is p-supersoluble, a contradiction.
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Now assume that every cyclic subgroup of P of prime order or order 4 (when P is a non-
abelian 2-group) satisfies partial S-Π-property in G. Let G/K be a G-chief factor. Then G/K
is p-supersoluble because G/K is a p-soluble simple group, and (K,K) satisfies the hypothesis
by Lemma 2.1(1). By the choice of (G,E), K is p-supersoluble. Since Op′(K) ≤ Op′(G) = 1,
P ∩ K E G by Lemma 2.6. Then by Proposition 3.3, P ∩ K ≤ ZU(G). As G/(P ∩ K)
is p-supersoluble, we have that G is p-supersoluble. The final contradiction completes the
proof.
Proof of Theorem 1.6. Note that Op′(X) = Op′(E). Then by Proposition 3.5, we have
that X/Op′(E) ≤ ZU(G/Op′(E)), and so Fp(E)/Op′(E) ≤ ZU(G/Op′(E)). It follows from [4,
Lemma 2.10] that F ∗(E/Op′(E)) = F
∗
p (E/Op′(E)) = Fp(E)/Op′(E) ≤ ZU(G/Op′(E)) because
E is p-soluble. Hence E/Op′(E) ≤ ZU(G/Op′(E)) by Lemma 2.5.
4 Final Remarks
In this section, we shall show that the concept of partial S-Π-property can be viewed as
a generalization of many known embedding properties. Though some of them are generalized
by the concept of partial Π-property, there are still some embedding properties can only be
generalized by the concept of partial S-Π-property as the following proposition illustrates.
Hence, as a consequence, a large number of results in former literature can follow directly
from our main results.
Proposition 4.1. Let H be a p-subgroup of G. Then H satisfies partial S-Π-property in G
if one of the following holds:
(1) H is a generalized CAP -subgroup of G.
(2) H satisfies partial Π-property in G.
(3) H is Π-normal [19] in G.
(4) H is Uc-normal [1] in G.
(5) H is weakly S-permutable [25] in G.
(6) H is weakly S-semipermutable [21] in G.
(7) H is weakly SS-permutable [15] in G.
(8) H is weakly τ -quasinormal [22] in G.
(9) H is SE-quasinormal [7] in G.
(10) H is a partial CAP-subgroup (or semi CAP-subgroup) [9] of G.
(11) H is S-embedded [13] in G.
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(12) H is U-quasinormal [23] in G.
(13) H is Us-quasinormal [16] in G.
(14) H is weakly S-embedded [20] in G.
Proof. Statements (1) and (2) hold by the definition, and statements (3)-(8) and (10)-(13)
follow from [6, Lemmas 7.2 and 7.3].
(9) By the definition, G has a subnormal subgroup T such that G = HT andH∩T ≤ HseG,
where HseG denotes the subgroup generated by all subgroups of H which are S-quasinormally
embedded in G. Then clearly, Op(G) ≤ T . Let H1, H2, · · · , Hn be all subgroups ofH which are
S-quasinormally embedded in G. Then there exist S-quasinormal subgroups X1, X2, · · · , Xn
of G with Hi is a Sylow p-subgroup of Xi (1 ≤ i ≤ n). If (Xi)G = 1 for all 1 ≤ i ≤ n,
then by [2, Theorems 1.2.14 and 1.2.17], Hi is S-quasinormal in G for all 1 ≤ i ≤ n, and so
HseG = 〈H1, H2, · · · , Hn〉 is S-quasinormal in G. Thus H is weakly S-permutable in G. This
implies that H satisfies partial S-Π-property in G by [6, Lemma 7.3(3)]. Hence, without loss
of generality, we may assume that (X1)G 6= 1.
Suppose that Op(G)∩ (X1)G 6= 1. Let N be a minimal normal subgroup of G contained in
Op(G)∩ (X1)G. It is easy to see that HN/N is SE-quasinormal in G/N by [7, Lemma 2.6(3)].
By induction, we have that HN/N satisfies partial S-Π-property in G/N . Since N ≤ X1 and
H1 is a Sylow p-subgroup of X1, H1 ∩ N is a Sylow p-subgroup of N , and so H ∩ N is a
Sylow p-subgroup of N . This shows that H satisfies partial S-Π-property in G. Now assume
that Op(G) ∩ (X1)G = 1. Let R be a minimal normal subgroup of G contained in (X1)G.
Then R ≤ Op(G). This implies that R ≤ H1 ≤ H . Since H/R is SE-quasinormal in G/R
by [7, Lemma 2.7(2)], we have that H/R satisfies partial S-Π-property in G/R by induction.
Therefore, H also satisfies partial S-Π-property in G.
(14) By the definition, G has a normal subgroup T such that HT is S-quasinormal in G
and H ∩ T ≤ HseG, where HseG denotes the subgroup generated by all subgroups of H which
are S-quasinormally embedded in G. Let H1, H2, · · · , Hn be all subgroups of H which are
S-quasinormally embedded in G. Then there exist S-quasinormal subgroups X1, X2, · · · , Xn
of G with Hi is a Sylow p-subgroup of Xi (1 ≤ i ≤ n). Without loss of generality, we assume
that Xi ≤ HT (1 ≤ i ≤ n). If (Xi)G = 1 for all 1 ≤ i ≤ n, then HseG is S-quasinormal
in G. Thus H is S-embedded in G. This yields that H satisfies partial S-Π-property in G
by [6, Lemma 7.2(2)]. Hence we may assume that (X1)G 6= 1.
Suppose that T ∩ (X1)G 6= 1. Then we can obtain that H satisfies partial S-Π-property
in G by arguing similarly as in the proof of (9). Now assume that T ∩ (X1)G = 1. Let R
be a minimal normal subgroup of G contained in (X1)G. Since R ∩ T = 1 and R ≤ HT , we
have that R ≤ H . With a similar discussion as in the proof of (9), H also satisfies partial
S-Π-property in G.
11
References
[1] A. Y. Alsheik Ahmad, J. J. Jaraden and A. N. Skiba, On Uc-normal subgroups of finite
groups, Algebra Colloq., 14(1) (2007), 25–36.
[2] A. Ballester-Bolinches, R. Esteban-Romero and M. Asaad, Products of Finite Groups,
Walter de Gruyter, Berlin/New York, 2010.
[3] A. Ballester-Bolinches and L. M. Ezquerro, Classes of Finite Groups, Springer, Dordrecht,
2006.
[4] A. Ballester-Bolinches, L. M. Ezquerro and A. N. Skiba, Local embeddings of some fam-
ilies of subgroups of finite groups, Acta Math. Sinica, 25(6) (2009), 869–882.
[5] A. Ballester-Bolinches and M. C. Pedraza-Aguilera, Sufficient conditions for supersolu-
bility of finite groups, J. Pure Appl. Algebra, 127 (1998), 113–118.
[6] X. Chen and W. Guo, On the partial Π-property of subgroups of finite groups, J. Group
Theory, 16 (2013), 745–766.
[7] X. Chen, W. Guo and A. N. Skiba, Some conditions under which a finite group belongs
to a Baer-local formation, Comm. Algebra, 42 (2014), 4188–4203.
[8] K. Doerk and T. Hawkes, Finite Soluble Groups, Walter de Gruyter, Berlin/New York,
1992.
[9] Y. Fan, X. Guo and K. P. Shum, Remarks on two generalizations of normality of sub-
groups, Chin. Ann. Math. Ser. A, 27(2) (2006), 169–176.
[10] D. Gorenstein, Finite Groups (2nd edition), Chelsea, New York, 1980.
[11] W. Guo, The Theory of Classes of Groups, Kluwer, Dordrecht, 2000.
[12] W. Guo, Structure Theory for Canonical Classes of Finite Groups, Springer, 2015.
[13] W. Guo, K. P. Shum and A. N. Skiba, On solubility and supersolubility of some classes
of finite groups, Sci. China Ser. A: Math., 52(2) (2009), 1–15.
[14] W. Guo, A. N. Skiba and N. Yang, A generalized CAP -subgroup of a finite group, Sci.
China Math., 58 (2015), doi: 10.1007/s11425-015-5005-5.
[15] X. He, Y. Li and Y. Wang, On weakly SS-permutable subgroups of a finite group, Publ.
Math. Debrecen, 77(1-2) (2010), 65–77.
12
[16] J. Huang, On Fs-quasinormal subgroups of finite groups, Comm. Algebra, 38 (2010),
4063–4076.
[17] B. Huppert, Endliche Gruppen I, Springer-Verlag, Berlin, 1967.
[18] B. Huppert and N. Blackburn, Finite Groups III, Springer-Verlag, Berlin/Heidelberg,
1982.
[19] B. Li, On Π-property and Π-normality of subgroups of finite groups, J. Algebra, 334
(2011), 321–337.
[20] J. Li, G. Chen and R. Chen, On weakly S-embedded subgroups of finite groups, Sci.
China Math., 54(9) (2011), 1899–1908.
[21] Y. Li, S. Qiao, N. Su and Y. Wang, On weakly s-semipermutable subgroups of finite
groups, J. Algebra, 371 (2012), 250–261.
[22] V. O. Lukyanenko and A. N. Skiba, On weakly τ -quasinormal subgroups of finite groups.
Acta Math. Hungar., 125 (2009), 237–248.
[23] L. Miao and B. Li, On F-quasinormal primary subgroups of finite groups, Comm. Algebra,
39 (2011), 3515–3525.
[24] D. J. S. Robinson, A Course in the Theory of Groups, Springer-Verlag, New York, 1982.
[25] A. N. Skiba, On weakly s-permutable subgroups of finite groups, J. Algebra, 315 (2007),
192–209.
[26] A. N. Skiba, On two questions of L. A. Shemetkov concerning hypercyclically embedded
subgroups of finite groups, J. Group Theory, 13 (2010), 841–850.
13
